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Abstract. Let ij be a commutative integral domain and let * be a semistar 
operation of finite type on R, and / be a quasi- *-ideal of R. We show that, if 
every minimal prime ideal of I is the radical of a *-finite ideal, then the set 
Min(/) of minimal prime ideals over / is finite. 



1. Introduction 

In [T^ Theorem 88], Kaplansky proved that: Let i? be a commutative ring 
satisiying the ascending chain condition (a.c.c. for short) on radical ideals, and let 
/ be an ideal of R. Then there are only a finite number of prime ideals minimal 
over I. 

This result was generalized in [51 Theorem 1.6] by showing that (see also 
Let i? be a commutative ring with identity, and let / ^ i? be an ideal of R . If every 
prime ideal minimal over / is the radical of a finitely generated ideal, then there 
are only finitely many prime ideals minimal over /. 

In 1994, Okabe and Matsuda [13] introduced the concept of semistar operation 
to extend the notion of classical star operations as described in [8l Section 32] . Star 
operations have been proven to be an essential tool in multiplicative ideal theory, 
allowing one to study different classes of integral domains. Semistar operations, 
thanks to a higher flexibility than star operations, permit a finer study and new 
classifications of special classes of integral domains. 

Throughout this note let i? be a commutative integral domain, with identity and 
let K be its quotient field. 

The purpose of this note is to prove the semistar analogue of Kaplansky's [T^ 
Theorem 88] and Gilmer and Heinzer Theorem 1.6] results. More precisely we 
prove the following theorem. 

Theorem. Let * be a semistar operation of finite type on the integral domain R, 
and / be a quasi-*-ideal of R. If every minimal prime ideal of / is the radical of a 
★-finite ideal, then / has finitely many minimal prime ideals. 

Now we recall some definitions and properties related to semistar operations. 
Let J-{R) denote the set of all nonzero i?-submodules of K and let T{R) be the set 
of all nonzero fractional ideals of R, i.e. E E J^{R) \i E E T{R) and there exists a 
nonzero r G R with rE C R. Let f{R) be the set of all nonzero finitely generated 
fractional ideals of R. Then, obviously f{R) Q P{R) Q T{R). A semistar operation 
on i? is a map ★ : J-{R) — > ^{R), E E* , such that, for all x E K, x ^ 0, and for 
all E,F £ J^{R), the following properties hold: 
★i {xEf = xE*; 
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★2 C F implies that E* CF*; 

★3 E CE* and E** := (E*)* = E* , 
cf. for instance [13]. Recall that, given a semistar operation ★ on R, for all E,F E 
J-{R), the following basic formulas follow easily from the axioms: 

(1) {EE)* = {E*F)* = (EE*)* = {E*E*)*; 

(2) {E + E)* = (E* + E)* = {E + E*Y = (E* + E*)*; 

(3) {E n E)* cE*r]E*^ {E* n e*)*, ifEnE ^o. 

cf. for instance \13i Proposition 5]. 

A (semi)star operation is a semistar operation that, when restricted to J-'{R), is 
a star operation (in the sense of [SI Section 32]). It is easy to see that a semistar 
operation 7k- on i? is a (semi)star operation if and only if R* = R. 

Let ★ be a semistar operation on the integral domain R. An ideal / of i? is 
called a quasi-k-ideal oi R if I* D R = I. It is easy to see that for any ideal / of 
R, the ideal /* H i? is a quasi-*:-ideal. An ideal is said to be a quasi-k -prime, if it is 
prime and a quasi-*-ideal. Let Tkr be a semistar operation, put E*f = [J E* where 
the union taken over all finitely generated E C E, for every E G !F{R). It is easy 
to see that */ defines a semistar operation on R called the semistar operation of 
finite type associated to *. Note that there is the equality (t^/)/ = */. A semistar 
operation * is said to be of finite type if ★ = in particular is of finite type. 
An element E G T{R) is said finite, if E* = E* for some E € f{R). Note that if 
/ is an ideal of R then /* is an ideal of the overring R* of R. Denote by ★-Min(/) 
the set of minimal quasi-k-prime ideals over 7. So that when ★ = d is the identity 
semistar operation, then ci-Min(/) = Min(7). It can be seen that if / is an ideal of 
R, then ★-Min(/) C Min(/* n R). Using [U Lemma 2.3(d)] we have each minimal 
prime over a quasi-*/-ideal is a quasi-*y-ideal. Therefore If / is a quasi-*/-ideal, 
we have ★/-Min(/) = Min(/). 

The most widely studied (semi) star operations on R have been the identity d^, 
Vji, and tji :— (w^j)/ operations, where i?"" := (E^^)^^, with E^^ := {R. : E) := 
{x G K\xE C R]. Our terminology and notation come from [8 . 

2. Main result 

Before proving the main result of this paper, we need a lemma. 

Lemma 2.1. Suppose that -k is a semistar operation of finite type on the integral 
domain R, and that I is a quasi-k-ideal. Then \fl r\ R = \fl , that is \fl is also a 
quasi-k-ideal of R. 

Proof. Since \/l C VT n i?, it is enough to show that \/l n i? C Let 
X e VT n R. Then for every P € Min(/) we have xR* C ^/T C P*. Since P 
is a quasi-T^r-prime ideal of R by [T, Lemma 2.3(d)], we obtain that x E P. Hence 
X E \fl as desired. □ 

Remark 2.2. Suppose that -k is a semistar operation of finite type on the integral 
domain R, and that I is a quasi-k-ideal. Then V7* H R = \fl . Indeed suppose that 
X E Vl* n R, then there is a positive integer n such that E I* . Since I is a 
quasi-k-ideal, and x E R we obtain that x" E I . Hence x E VT. Consequently we 
have y/FnR C ^/T C y/I*r\R = y/l* n R, which gives us the desired equality. 

We next give the main result of this paper. 
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Theorem 2.3. Let -k be a semistar operation of finite type on the integral domain 
R, and I be a quasi-k-ideal of R. If every minimal prime ideal of I is the radical 
of a -k- finite ideal, then I has finitely many minimal prime ideals. 

Proof. Note that \/7 is a radical quasi-*-ideal by Lemma 12.11 Hence since we have 
Min(/) ~ Min(v'^), it is harmless to assume that / is a radical quasi-*- ideal. 

Let S = {Pi ■ ■ ■ Pn\ each Pi is a prime ideal minimal over /}. If for some C = 
Pi • • • F„ e S" we have C* C I*, hence C C C* n R C I* n R = I. Then any prime 
ideal minimal over I contains some Pi, so {Pi, ■ ■ ■ , Pn} is the set of minimal prime 
ideals of /. Hence we may assume that C* ^ /* for each C G 5. Consider the set 
A consisting of all radical quasi-*-ideals J oi R containing / such that C* ^ J* for 
each C e S". Since / e -4 we have A ^ ^. The set A is partially ordered under 
inclusion C, and we show that it is inductive under this ordering. Let {Ja}aer be a 
chain in A. Put J = U Jq,. So that J is a radical quasi-T^-ideal of R containing / such 
that J* — (UJq)* = UJ*, in which the second equality holds, since Tkr is a semistar 
operation of finite type. Now assume that C* C J* for some C G S. Suppose that 
C = Pi ■ ■ ■ Pn, and that Pi = \fLi for some ★-finite ideal L,; of _R, for i = 1, • • • , n. 
Let FiS be finitely generated ideals of R, such that L* = F* , for i ~ \, - ■ ■ ,n. 
Now consider (Pi • • • F„)* = (ii • • • i„)* C (Fi • • • P„)* C U J*, which imphes that 
Fi - ■ ■ Fn C UJq- Therefore there exists an index a G F such that Fi • • • F„ C 
and hence (Li ■ ■ ■ P„)* = (Fi • • • P„)* C J*. Thus ii • • • i„ Q Ja, and so we have 
Pi - ■ ■ Pn C ^Li ■ ■ ■ Ln C \/Ja = Jq . Consequently (Pi • • • P„)* C J* which is 
impossible. Now Zorn's Lemma gives us a maximal element Q of A. One can 
actually assume that Q ^ R. We show that Q is a prime ideal of R. To this 
end let a, b be two elements of R such that ab G Q and assume that a, b ^ Q. 
Since Q £ (Q aR) C ^/(QT'aRy7^R, and ^/(Q -I- aR)* n R is a radical quasi- 
*-ideal (by Lemma 12. ip containing /, there exists an element Ci € S such that 
Q C y'iJ + aR)*r]R . By the same reason there exists again an element C2 G S 
such that C2 C ^ [Q + bR)* r\ R* . Therefore we have 

{C1C2Y = [Cicif c( V(Q + aRY n pV(Q + bRY n r'Y 
=W{Q + aRY n R^/{Q + bRY n RY 
MViiQ + aRY n R){{Q + bRY n p))* 
^(v/((Q + ciRYiQ + bRY) n P)* 

=i\/iiQ*Y + aQ* + bQ* + abR*) RY 

c{^/Q^Y = (VQY = Q\ 



which is a contradiction. Therefore Q is a prime ideal of P. But since / C Q, it 
contains a prime ideal P minimal over / by 12, Theorem 10]. Thus P G S* and 
P* C Q*, a contradiction. □ 

Defining different semistar operations, we can derive different corollaries. 

Corollary 2.4. (Gilmer and Heinzer [9^ Theorem 1.6] and Anderson Jjj Let R be 
an integral domain, and let I be an ideal of R. If each minimal prime of the ideal 
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/ is the radical of a finitely generated ideal, then I has only finitely many minimal 
primes. 

The following result proved recently by El Baghdadi and Gabelli 6, Proposition 
1.4] over PwMDs. They used the lattice isomorphism between the lattice of t-ideals 
of R and the lattice of ideals of the i-Nagata ring of R over PwMDs. 

Corollary 2.5. Let I he a t-ideal of the integral domain R. If each minimal prime 
ideal of I is the radical of a t-finite ideal, then Min(/) is finite. 

Corollary 2.6. Suppose that R has a Noetherian overring S. If I is an ideal of R 
such that IS C] R = I , then Min(/) is finite. 

Proof. Define a semistar operation by E* = ES, for each E G T{R). Thus 
I = IS C] R = I* D R is a. quasi-*-ideal of R. Note that ★ is a semistar operation 
of finite type. Let P e Min(/). Since S" is a Noetherian ring, we have P* — PS — 
{xi, ■ ■ ■ ,Xn)S = (xi, • • • ,a;„)*, for some elements xi, - ■ ■ ,Xn of P. This means that 
P is a ★-finite ideal. Now the result is clear from Theorem 12.31 □ 

Recall that a semistar operations * on the integral domain R is called stable, if 
{E n F)* ~ E* F* for every E, F in !F{R). Again recall from the introduction 
that ★-Min(/) is the set of quasi-*-prime ideals minimal over /. 

Lemma 2.7. Suppose that -k is a semistar operation stable and of finite type on 
the integral domain R, and that I is a nonzero ideal of R, such that I* C\ R ^ R. 
Then ★-Min(/) = Min(/* OR). In particular 

^/Fr\R = ^/FnR = npe*.Min{i)P- 

Proof. One sees easily that ★-Min(/) C Min(/* n R). For the reverse inclusion, 
let P e Min(/* n R). So that I C I* n R C P. Choose by [El Theorem 10] 
a prime ideal Q minimal over / contained in P. Note that Q is a quasi-*-ideal, 
since it is contained in P ([71 Corollary 3.9, Lemma 4.1, and Remark 4.5]). Then 
/* C Q* C P* and so / C J* n i? C Q* n P = Q C P* n P = P. Thus Q = P, since 
P is minimal over FOR. □ 

Corollary 2.8. Let-k be a semistar operation stable and of finite type on the integral 
domain R, and I be a nonzero ideal of R, such that I* (1 R ^ R. If every guasi- 
-k-prime ideal minimal over I is the radical of a -k-finite ideal, then ★-Min(/) is 
finite. 

Proof. By the above lemma we have 7k-Min(/) = Min(/* n R). Thus every prime 
ideal minimal over /* n P is the radical of a ^-finite ideal. Noting that /* n P is a 
quasi-*-ideal of P, and using Theorem 12.31 we have -*:-Min(/) is a finite set. □ 

In [5] Section 3] the authors defined and studied the semistar Noetherian do- 
mains, that is, domains having the ascending chain condition on quasi semistar 
ideals. In [Mj Picozza generalize several of the classical results that hold in Noe- 
therian domains to the case of semistar operations stable and of finite type, for 
instance, Cohen's Theorem, primary decomposition, principal ideal Theorem, Krull 
intersection Theorem, etc. 

Corollary 2.9. (^ [14|, Proposition 2.4(2)]J Suppose that -k is a stable semistar oper- 
ation of finite type on the integral domain R, and that R is a -k-Noetherian domain. 
Then *-Min(/) is finite for every ideal I of D. 
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Next we give equivalent conditions that every quasi-*-prime of R is the radical 
of a T^r- finite ideal. 

Proposition 2.10. Let -k be a semistar operation of finite type on the integral 
domain R, the following then are equivalent: 

(1) Each quasi-k-prime is the radical of a -k- finite ideal. 

(2) Each radical quasi-k-ideal is the radical of a -k-finite ideal. 

(3) R satisfies the a.c.c. on radical quasi-k:- ideals. 

Proof. (1) ^ (2) Consider the following set. 

A = {I\I = V7, / = /* n i?, which is not the radical of a ★-finite ideal}. 

If ^ 7^ 0, let /? = {/q} be a chain of elements of A. Put / = U/a. Hence / is a radical 
quasi-*-ideal of R such that /* = (UJq)* = U/*. Suppose that I — \/L for some 
★-finite ideal L. Let L* = F* for some F e f{R). So that F* ^ L* C I* = Ul* 
which implies that F C U/q. Therefore there is an index a such that F Q la. 
Consequently L* — F* Q I* and hence L C 1^. So we obtain that — Vl, which 
is impossible. Hence I €z A. Thus by Zorn's Lemma A has a maximal element P. 
Let a, b be two elements of R such that ab E P and suppose that a, b ^ P. Since 
P <^{P + aR) <Z y/{P + aR)*nR, and y^{P + aR)*nR is a radical quasi-*-ideal 
(by Lemma Enj, we have {P + aR)* O R = VX, for some finite ideal. By the 
same reason \/ {P + bR)* D R = VN, where is a ★-finite ideal. The same proof 
as Theorem 12.31 shows that P = V LN, which is impossible, since LN is a ★-finite 
ideal. Hence P is a quasi-^-prime, a contradiction. Hence A — fb. 

(2) ^ (3) Suppose that (/„)„gN be an ascending chain of radical quasi-^-ideals, 
and set / = Utign-^"- Then / is a radical quasi-^-idcal. Hence I — y/L for some 
★-finite ideal L. So, there is an integer hq such that /„o — y/L ~ I. Hence (/n)neN 
is stationary. 

(3) (1) Suppose that (1) is false. Then we can construct a chain (/„)„gN of rad- 
ical quasi-^-ideals strictly ascending. Indeed, let P be a quasi-^-prime ideal which 
is not the radical of a ★-finite ideal. Set /i — \/(x), where x G P. Given /„ = 
y/ixi, ■ ■ ■ ,Xn)* n R, where xi, • • • , a;„ G P, then = y^{xi, ■ ■ ■ ,a;„,x„+i)* n R, 
where Xn+i G P\In- D 

Corollary 2.11. Suppose that -k is a semistar operation of finite type on the integral 
domain R. If R satisfies the a.c.c. on radical quasi-k: -ideals, then ★-Min(/) is finite 
for every ideal I of R. 

Proof. Note ★-Min(/) C Min(/* n R) and use Theorem [231 □ 

Remark 2.12. (1) One can prove Theorem \2.3\ for arbitrary rings with zero divi- 
sors. Let R be a commutative ring, with total quotient ring T{R). Let T{R) denote 
the set of all R-submodules of T{R). Suppose an operation * : J-{R) !F{R), 
E — !■ E* , satisfies, for all E, F E J'{R), and for all x £ T{R), the following: 
xE* C (xE)* and if x is regular, then xE* — (xE)* ; 

*2 E QF implies that E* C P*; 

*3 pep* and E** := (P*)* = P*. 
Then from these axioms the following directly follow: 

(i) (PP)* = (P*P)* = (PP*)* = {E*F*)*; 

(ii) (P + P)* = (P* + P)* = (P + F*Y = (P* + F*)*; 
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(iii) {E n F)* ^E*nF* ^ [E* n F*)*. 

It is clear that any semistar operation satisfies these axioms. 

It is routine to see that |10[ Lemma 3.3] the v-operation satisfies, these axioms, 
where E'" = (E-^)-^, in which E-^ ^ (R : E) = {x € T{R)\xE C R} , for 
E e T{R). 

By this operation Theorem \2.3\. is true for rings with zero divisors. 

(2) It is interesting to note that if we take R to he the ring of all sequences from 
Z/2Z that are eventually constant, with pointwise addition and multiplication, then 
R is a zero- dimensional Boolean ring with minimal prime ideals Pi = {{an} £ 
R\ai = 0} and Poo = {{«n} G R\an = for large n} and each Pi is principal 
hut Poo is not finitely generated. Thus while R has infinitely many minimal prime 
ideals, only one is not the radical of a finitely generated ideal. 

In the rest of the paper we will define a class of rings, that satisfy the a.c.c. on 
radical quasi-*-ideals. 

Let i? be a commutative ring. An ideal / of i? is called an ideal of strong finite 
type (SFT-ideal for short) if there exist a finitely generated ideal J I and a 
positive integer k such that € J for each a € I. The ring R is called an SFT-ring 
if each ideal of R is an SFT-ideal. These concepts were introduced by J. T. Arnold 
in [5] . The condition that R is an SFT-ring plays a key role in computing the KruU 
dimension of the power series ring over R. In [llj . Kang and Park defined 

and studied the -k = t analogue of SFT- rings. Now we define the more general 
semistar-SFT-rings. 

Let i? be a domain and * a semistar operation on it. We define a nonzero ideal 
/ of i? to be a -k-SFT-ideal if there exist a finitely generated ideal J Q I and a 
positive integer k such that a^ G J* for each a G Pf . The ring R is said to be 
a -k-SFT-ring if each nonzero ideal of i? is a ★-SFT-ideal. Obvious examples of a 
★-SFT-ring is ★-Noetherian domains. 

Proposition 2.13. Suppose that ★ is a semistar operation of finite type on the 
integral domain R. If R is a k-SFT-ring, then R satisfies the a.c.c. on radical 
quasi-k -ideals. 

Proof. Let P be a quasi-^-prime ideal. Since P is a ★-SFT-ideal there is a finitely 
generated subideal J P such that \/P* = Now consider 

p = Vp = VP*nR. = Vp* n p = VJ* n p = Vj* n p. 

Since J* n P is an ★-finite ideal, the result follows by Proposition l2.10l □ 

Corollary 2.14. Each quasi-k-ideal of a k-SFT-ring R, has only finitely many 
minimal prime ideals. 

We close the paper with the following characterization of ★-SFT-rings. 

Proposition 2.15. Suppose that k is a semistar operation of finite type on the 
integral domain P. Then R is a k-SFT-ring if and only if each quasi-k-prime ideal 
of R is a k-SFT-ideal. 

Proof. Suppose that P is not a ★-SFT-ring. Therefore the set 

A = {I\I ^ I*nR, and is not a ★-SFT-ideal}, 

is not an empty set. The set A is partially ordered under inclusion, and is inductive 
under this ordering. By Zorn's lemma, A contains a maximal element P. Assume 
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that ai,a2 be two elements of R such that aia2 £ P and ai,a2 ^ P. Since P 
(P + a^R)* nR, {P + ttiR)* n i? is a ★-SFT-ideal of R. Consequently there exist 
a finitely generated ideal Li C (P + aiR)* fl i?, and a positive integer fcj such that 
c''' e (Li)* for each c G (P + aiR)* . Let L = L1L2 and = fci + ^2- Then L is 
a finitely generated subideal of P such that = c^^c^^ G C {L1L2)* , 

for each c G P*. Thus P is a *-SFT-ideal, a contradiction. Therefore, P is a 
quasi-*-prime ideal which is not a ★-SFT-ideal. □ 
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